A MODULE-THEORETIC INTERPRETATION OF 
SCHIFFLER'S EXPANSION FORMULA 



THOMAS BRUSTLE AND JIE ZHANG 

Abstract. We give a module-theoretic interpretation of Schiffler's ex- 
pansion formula which is defined combinatorially in terms of complete 
(r, 7)— paths in order to get the expansion of the cluster variables in 
the cluster algebra of a marked surface (5*, M). Based on the geometric 
description of the indecomposable objects of the cluster category of the 
marked surface {S,M), we show the coincidence of SchifHer-Thomas' 
expansion formula and the cluster character defined by Palu. 



1. Introduction 

We study in this paper the cluster algebra with principal coefficients of a 
marked surface without punctures: Consider a compact connected oriented 
2-dimensional bordered Riemann surface S and a finite set of marked points 
M lying on the boundary dS of S with at least one marked point on each 
boundary component. The condition M C dS means that we do not allow 
the marked surface (S, M) to have punctures. 

Cluster algebras were first introduced in [10] by Fomin and Zelevinsky. 
This is a class of commutative rings designed to develop an algebraic frame- 
work for the theory of total positivity in semisimple groups and canonical 
bases in quantum groups. The theory of cluster algebras has connections 
with various areas of mathematics like quiver representations, Lie theory, 
combinatorics, Teichmiiller theory and poisson geometry. 

In [9], a cluster algebra A(^s,M) associated to the marked surface {S, M) 
with one of its triangulations F, and a bijection 7 x]^ is established 
between the internal arcs in (S,M) and the cluster variables in A(^s,M)- 
In particular, the initial seed of A(^s,M) corresponds to the triangulation T 
of (5, M) and the matrix Br of F, and the mutation of a seed of A(^s,M) 
corresponds to the flip of an arc in the triangulation. The cluster algebra 
A(s,M)j defined by iterated mutations, thus is independent of the chosen 
triangulation F of {S,M). However, the expression of was still unclear 
in [9] until Schiffler-Thomas |20j and Schiffler [19J invented the notion of a 
complete (F, 7)— path which is a concatenation of arcs in F, and completely 
described the expression of combinatorially in terms of 7 and F for the 
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cluster algebra j^^-^ without coefficients and the cluster algebra Ai^s,M) 
with coefficients respectively. 

A quiver with potential {Qr,Wr) associated to the matrix By has been 
defined for each triangulation F of {S, M) in |16l [2] . It has been shown in [2] 
that the corresponding Jacobian algebra J{Qr,Wr) is a finite-dimensional 
string algebra. The string modules over J{Qr,Wr) are described in |2j by 
non-contractible curves in the marked surface {S, M) which are not in T, and 
the band modules are described using closed curves in S. For each curve 7 
in (5, M), we denote by w{r,'y) and M{T,j) the corresponding string and 
string module over JiQrjWr), respectively. 

We give in this paper a module-theoretic interpretation of Schiffier's ex- 
pansion formula , interpreting the definition of complete (F, 7)— paths 
in terms of string modules. We consider the cluster algebra A(^s,M) with 
principal coefficients, and describe Schiffier's expansion formula not only for 
internal arcs but also for all curves in (S, M) in terms of representations of 
J((5r) Wr). To do this, we denote by Ind(7) G N*^ a vector determined by 
the minimal injective resolution of M(F,7) and by /Xe(F,7) the number of 
collections of substrings of w{T,j) such that the direct sum of the corre- 
sponding string modules has dimension vector e. Then Schiffier's expansion 
formula can be written as follows: 

Theorem 1. Let F be a triangulation of {S, M), and 7 a curve in the marked 
surface (S',M). Then 

= ^/ie(F,7) Xl"dr(7)+Bre^ye_ 
e 

The cluster category of the marked surface C(s,m) providing a categori- 
fication of the cluster algebra A(s^m) has been defined in In fact, one 
can define by [I] the cluster category Cr = C(Qop jyop) associated to F since 
the Jacobian algebra J{Qr, Wr) is finite dimensional. Moreover, it has been 
proven in [14J that up to triangle equivalence the category Cr does not de- 
pend on the triangulation F of (5, M) and is just denoted by C(^s,M)- 
shown in [l] that C^s,M) ^ Hom-finite, Krull-Schmidt, 2-Calabi-Yau trian- 
gulated category which admits cluster-tilting objects, and the indecompos- 
able objects in C(s'^m) have been described in [3] by curves or closed curves 
in(5,M). 

We also show in this paper the coincidence of Schiffler-Thomas' expansion 
formula and the cluster character defined in [5l[T7]. In fact, the cluster-tilting 
object Tr in C(^sM) ffiduced by a triangulation F of [S,M) yields a cluster 
character 

:= XjT^ : IndC(5_M) — > Q{xi, ... , x„) 
which sends the rigid indecomposable objects in C(5 ^f) to the cluster vari- 
ables in the cluster algebra -4^5 without coefficients. By using Poetter- 
ing's formula for the Euler-Poincare characteristic of a string module, we 
can get the following theorem: 
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Theorem 2. Let 7 be a curve in {S,M), then 

Xl' = eJ^{xi, ... 1, . . . , 1). 



We would like to point out that the equality between the formulas inher- 
ited from complete (F, 7)— paths and cluster characters has been observed in 
[7] for curves in the marked surface {S, M) when S is an annulus. Moreover, 
it is shown there that complete (F, 7)— paths and cluster characters diverge 
when considering closed curves in the surface (they give rise to first kind 
and second kind Chebyshev polynomials respectively). 

The paper is organized as follows: In section 2 we recall the definition of 
a cluster algebra with coefficients and review the construction of a cluster 
algebra given by a marked surface. Section 3 summarizes Schiffler's ex- 
pansion formula for cluster algebras stemming from a surface triangulation. 
In section 4 we give module-theoretic interpretations of the combinatorial 
concepts arising in section 3, and thus obtain a new formulation of Schif- 
fler's expansion formula. We compare these results in section 5 with (Palu's 
version of) the Caldero-Chapoton map. 



2.1. Definitions. Let P = (P, ©, •) be a semifield which means that (P, •) is 
an abelian multiplicative group, and © is a binary operation on P which is 
commutative, associative and distributive (with respect to the multiplication 
" • " ). Let ZP be the group ring of the multiplicative group (P, •), and J- 
be the ambient field of rational functions in n independent variables with 
coefficients in QP. 

Definition 2.1 ([11]). A seed in is a triple (i?,x, y) where 

• the exchange matrix B = (bij ) is a skew symmetrizable n x n integer 



• the cluster x free generating set of J- over QP 
with n algebraically independent elements (called cluster variables), 

• the coefficients y = (yi, . . . , y^) form an n— tuple of elements in P. 

Denote [a]+ := max(x,0) for each integer a. A new seed can be obtained 
from a given one by mutations: 

Definition 2.2 ([llj). The mutation of a given seed (i?,x,y) in direction 
k {1 <k < n), denoted by HkiB,x,y), is a new seed {B',x.',y') in defined 
as follows 

• the exchange matrix B' = (b'^j) is given by the matrix mutation 
defined as follows: 



2. Cluster algebras 



matrix, 




—bij if i=k or j=k; 

bij + [-b,k]+ ■ bkj + bik ■ [bkj]+ otherwise. 
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the cluster x' = (x \ {x^}) U {2;'^.} where x'^ is determined by the 
exchange relation: 

— 



{vk e i)xk 

• the coefficients tuple y' = (y^, . . . is obtained by mutation of 



the coefficients tuple defined as follows 

v' = { if j = k; 

' 1 yjyt''^^iyk(Bir''^^ ifj^k. 



Remark 2.3. The mutations are involutions, that is, {B,x,y) = iJ,k{lJ'kiB,x,'\ 
The matrix mutation can also be defined for an m x n (m > n) matrix. 

The cluster algebra A = A{B, yi,y) associated with a given initial seed 
(-B,x, y) is the ZP— subalgebra of the field F generated by all the cluster 
variables in the clusters obtained by sequences of mutations from the initial 
seed (S,x,y). 

We usually consider cluster algebras of geometric type which means 

P = Trop(x„+i , . . . , Xm) (n < ra) 

is a tropical semifield, that is, (P, •) is a free abelian group generated by 
Xn+i, • • • , Xm with addition © defined as follows 

m m m 

n © n = n ^r"^""''^ 

i=n+l i=n+l i=n+l 

By definition of the tropical semifield P, each element in the coefficients 
tuple can be written as 



■Q J>ik 

i=n+l 



yk= X, 



where hik are integers. To deal with the cluster algebras of geometric type, it 
is convenient to replace the exchange matrix B in Definition 12 . 21 by an m x n 
matrix B = (bij) {extended exchange matrix) whose upper part is the n x n 
exchange matrix B and whose lower part is an [m — n) x n matrix induced by 
the coefficient tuple. Then the matrix mutation B' = {b[j) = ^k{B) yields 
the mutation of coefficient tuple in Definition 12.21 Moreover, the exchange 
relation in Definition 12.21 becomes 

771 m 

4 = x,-^ (11 -?"'"+n 

i=l i=l 



A cluster algebra A = A{B, x, y) is said to have principal coefficients if it 
is of gemetric type with the tropical semifield 

P = Trop(x„+i, . . . ,Xm) = Trop(yi, . . . ,y„). 
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that is, m = 2n and yi = Xn+i for each 1 < i < n. In the following, we only 
consider cluster algebras with principal coefficients. 

Theorem 2.4. [101 ^I\Let X be any cluster variable in the cluster algebra 
A{B,x,y) with principal coefficients, then it has an expansion as 

^ ^ /(xi,x2, . . . ,Xn;yi,y2, ■■■ ,yn) 

■^l ) • • • ) •i'n 

where f £ Z[xi,X2, ■ ■ ■ ,Xn;yi,y2, ■ ■ ■ ,yn]- 

For each cluster variable X = X{xi, . . . ,Xn,yi,--- ,yn) in a cluster alge- 
bra A{B, X, y) with principal coefficients, the F-polynomial Fx = Fx{yi, ■ ■ ■ , 
associated to X is defined to be the rational function obtained from X by 
evaluating all (1 < i < n) to 1: 

Fxivi,--- ,yn) = X{1,... 

Let B = (bij) be the 2n x n initial extended exchange matrix of A, then we 
define yj for each 1 < j < by 

m 

i=l 

Proposition 6.1 in [11] implies that each cluster variable X can be written 
in the form 

n 

X = . . ,x„,yi, . . . ,y„) = R{yi, ... ,y„) JJxf , 

i=l 

where gi are integers and R{ui, . . . , u„) is a rational function in Q(mi, . . . , Un) 
The g-vector gx associated to the cluster variable X is defined as 

gx = (gi,--- ,gn)- 

2.2. Cluster algebras of a marked surface. Let {S, M) be a marked 
surface without punctures. By a curve in (S", M), we mean the image of a 
continuous function 7 : [0, 1] ^ S" with 7(0), 7(1) G M. A simple curve is 
one where 7 is injective, except possibly at the endpoints. We always con- 
sider curves up to homotopy, and for any collection of curves we implicitly 
assume that their mutual intersections are minimal possible in their respec- 
tive homotopy classes. The orientation of S induces an orientation on the 
boundary components (which are circles) , and we assume that each such cir- 
cle is oriented clockwise. We recall from [9] the definition of a triangulation: 

Definition 2.5. An arc 5 in {S,M) is a simple non-contractible curve in 
{S, M). The boundary of 5" is a disjoint union of circles, which are subdivided 
by the points in M into boundary segments. We call an arc 5 a boundary 
arc if it is homotopic to such a boundary segment. Otherwise, 5 is said to 
be an internal arc. A triangulation of (S", M) is a maximal collection T of 
arcs that do not intersect except at their endpoints. We call a triangle A in 
r an internal triangle if all edges of A are internal arcs. 
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Up to homeomorphism, {S, M) is defined by the genus g of S, tlie num- 
ber h of boundary components, and tlie number c = \M\ of marked points. 
Moreover, the following formula gives the number of internal arcs in a tri- 
angulation of (5, M). 

Proposition 2.6 ([9]). In each triangulation of{S,M), the number of in- 
ternal arcs is 

n = 6g + 3b + c — 6. 

Recall from [21 [16] that each triangulation T of (5*, M) yields a quiver 
with potential {Qr^Wr): 

(1) Qr = (Qo)Qi) where the set of vertices Qq is given by the internal 
arcs of r, and the set of arrows Qi is defined as follows: Whenever 
there is a triangle A in F containing two internal arcs a and b, then 
there is an arrow p : a — t- 6 in Qi if a is a predecessor of b with 
respect to clockwise orientation at the joint vertex of a and 6 in A . 

(2) every internal triangle A in T gives rise to an oriented cycle Oa/^aTa 
in Q, unique up to cyclic permutation of the factors aA,/3A)7A- We 
define 

Wr = ^aA/3A7A 

A 

where the sum runs over all internal triangles A of F. 
Let r = {n,... 

) Tm Tn+ij • • • 1 T'm} be a triangulation of {S, M) with n in- 
ternal arcs Ti, . . . ,Tn- We define the signed adjacency matrix Br = {bij)nxn 
of r by setting 

bij = ^{a £ Qi \ a : tj n} - ^{(3 £ Qi \ (3 : n ^ r,}. 

Remark that -Br is always skew-symmetric, and it is the transpose of the 
matrix of the quiver Qr- 

Let = -^(^r)Xr,yr) be the cluster algebra with principal coefficients 
associated to T, that is is given by the initial seed (-BriXr,yr) where 
the exchange matrix is given by the signed adjacency matrix B^, xp = 
{xri,--- ,Xr„} is the initial cluster indexed by the internal arcs of F, the 
initial coefficients yr = {Vn, ■ ■ ■ )2/r„} are given by the vector of generators 
of a tropical field F =Trop{yr^, . . . , yT„)- We denote by A'p = A{Br,'Kr) the 
cluster algebra given by the initial seed {Br,:x., 1). 

Theorem 2.7 ([9j). There is a bijection 7 i — > x^ between the internal 
arcs in {S,M) and the cluster variables in Ar- In particular, x^. = Xi for 
1 < i < n. 

Fomin-Zelevinsky showed in jlOj that each cluster variable IS Qi Laurent 
polynomial, hence can be uniquely written as 

r _ /(^l) ■ ■ ■ ; ^n) 
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where the right hand side is a reduced fraction with / G ZP[xi, . . . , Xn 
0. Fomin-Shapiro-Thurston in [9] described a recipe to find the denominator 
vector {di,... ,dn) of in terms of intersection numbers of 7 and the 
triangulation F. Then SchifSer gave a direct expansion formula of x^ in 
[T9] by using so-called complete (F, 7)— paths. This allows to compute x^ 
combinatorially in terms of 7 and F. 

Note that Schiffler and Thomas in ^20j first gave the expansion formula 
of x^ for the cluster algebra >lp . 

3. Schiffler's expansion formula 

We introduce in this section Schiffler's expansion formula for the curves 
in {S,M). Note that the expansion formula was first defined for internal 
arcs in (S, M) in order to get the expression of the corresponding cluster 
variable (see Theorem 12. 7p . In fact, the definition of Schiffler's expansion 
formula works for all curves in {S,M). 

For two curves 7', 7 in {S,M) we denote by 1(7', 7) the minimal inter- 
section number of two representatives of the homotopic classes of 7' and 
7- 

3.1. Complete (F, 7)— path. Let 7 be a curve in (S, M) with d = ^y^P 1(7', 7) 
which is allowed to have self-intersections. We fix an orientation for the curve 
7 and denote po = 7(0) and Pd+i = 7(1)- Let Ti^,Ti^, . . . , r^^ be the internal 
arcs of F that intersect 7 at pi, . . . in the fixed orientation of 7, see the 
following figure. 



7(0) 





\ \ 


I v ^ 


^7(1) 


\ Ao 


Pi P2\ PsA / 
Al \ \ / 


Ps + 1 AP''+2 Pd 
As + l\ 


Ad / 

/ '^*d+2 



Along its way, the curve 7 is passing through (not necessarily distinct) tri- 
angles Ao, Al, . . . , Ad- For < < d, let [pfcPfc+i] denote the segment of 7 
in Afc from pk to Pk+i- If 1 < ^ < d—1, then A; is formed by the internal arcs 
Tjj and Tjj^^, the third arc is denoted by rj, . In Aq, we denote the side that 
lies clockwise of r^j by Tig, the third arc by ri_j. Similarly, in A^, denote the 
side that lies clockwise of r^^ by Tj^^^, the third arc by Ti^^^. 

Definition 3.1 ([201 H])' A complete {T,^)—path a = a\oi2 ■ ■ ■ OL2d^\ is a 
concatenation of arcs in F such that 

(CI) a2k = "^jj, for each 1 < < d, 

(C2) for each < < d, [p^Pfc+i] is homotopic to the segment of a2fca2A:+ia2fc+2 
in a starting from p^ to pk+\- 
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Note that a complete (F, 7)— path induces an orientation on each of its 
arcs Oj. We denote by Cr(7) the set of all complete (F, 7)— paths. 

Example 3.2. Consider a triangulation T of the disc with 8 marked points 
on the boundary, and let 7 be an internal arc in the disc as follows. 




By definition, Cr(7) consists of the following 5 elements: 

T1T2TST3T3T5TQ, T9T2T3T3T3T5TQ, T9T2T3T3T4,T5T7. 

3.2. SchifHer's expansion formula. Note that the surface S is oriented 
and the orientation of S induces an orientation on each triangle A in {S, M). 
We assume each triangle A has the anticlockwise orientation. Therefore 
one internal arc Tj has different orientations in different triangles, see the 
following picture which is a triangulation of the disk with 8 marked points. 




On the other hand, a complete (F, 7)— path a = a\a2 ■ ■ ■ a2d+i also in- 
duces an orientation on each arc Oi in a. Assume a2k = is a common 
edge of the two triangles Afc_i, A^, then we say a2k = Ti^, is ^—oriented in 
a if the orientation of Tj^. induced by a is the same as its orientation in A^ . 

Consider the following segment a2fc02fc+ia2fc+2 = Tik'^jk'^ik+i °f a complete 
(F,7)-path a = aia2 ■ ■ ■ a2d+i- 
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b 




d 



Then a2k is 7— oriented, and 02^+2 is not 7— oriented since the orientation 
of a2fc+2 in o is from d to 6 but rj^.^^ = 02^+2 is oriented in A^+i from b 
towards d. 

The following proposition given in [T9] for internal arcs can also be gen- 
eralized for curves in {S, M) with the same proof. 

Proposition 3.3 (|19]). Let ^ he a curve in {S,M), then there is precisely 
one complete (T,^)—path = aia2 ' ' ' Q^m+i -^^c/i that none of its even 
arcs a2j^ is j— oriented. Dually, there is precisely one complete {T,j)—path 
a}y = a\a2 - ■ ■ Oi^d+i such that all of its even arcs a\j^ are '^—oriented. 

For each complete (F, 7)— path a = 0102 • ■ ■ a2d+i, let 

^(") = ^^f^ y{a) = n 

a2k *s "/—oriented 

where Xq^. = 1 if Qfc is a boundary arc. Schiffler's expansion formula 
with respect to F is defined as follows: 

:= J2 x{a)y{a). 

aeCr(7) 

This formula gives the expression of the cluster variable xY^ in the cluster 
algebra : 

Theorem 3.4 (|19|). Let T he a triangulation of (S, M), and 7 an internal 
arc in {S,AI), then 

x^ = 

X^ ^7- 

Remark 3.5. // we consider the cluster algehra A^, then we get Schiffter- 
Thomas ' expansion formula in [20\ : 

X^ = E^{xi,... ,XnAi--- A) = X] 

aeCr(7) 

for each internal arc 7. 
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4. A MODULE-THEORETIC INTERPRETATION OF SCHIFFLER'S EXPANSION 

FORMULA 

In order to give a module-theoretic interpretation of Schiffler's formula, we 
first introduce some notation for the string algebra arising from the marked 
surface iS,M). 

4.1. String algebras arising from {S, M). From [2j we know that J{Qr, Wr) 
is a finite-dimensional string algebra provided {Qr,Wr) is defined by a tri- 
angulation of a marked surface as in the previous section. 

In [2j, the strings and bands of J{Qri Wr) are related to the curves and 
closed curves respectively in (S, M) : For each curve 7 in (S, M) with 
d = X^tsp -^(''"' t)' orientation of 7, and let Ti^^Ti^^ ... ,rj^ be the 

internal arcs of F that intersect 7 in the fixed orientation of 7. 



7(0) 





\ A2 


A3 / / 




\ Ao 


Al \ 


/ "* / / 
/ // ^"^"^ 


Ad/ 



7(1) 



Here the boundary is indicated by the circles in the above figure. Along 
its way, the curve 7 is passing through (not necessarily distinct) triangles 
Ao, Al, . . . , Ad- Thus we obtain a string it;(F,7) in J{Qr, Wr)- 

w(r,7) : Til — ^2 Ti^_2 na-i na- 



We denote by M(T, 7) the corresponding string module M{w(T, 7)), we refer 
to Pi H] for more details about string algebras. 

4.2. Substring Modules. We keep the notation as in the previous sub- 
section. A subword wi{T,'y) of ?i;(F,7) indexed by an interval / = [j,s] = 
{j,j + 1, . . . , s} with l<j<s<(iisa string over J{Qr, Wr) given by: 

wi{T,j) : Ti^+i Ti^. 

Note that the string module M(tt;7-(F, 7)) given by the subword wi{r,^) of 
?/;(F,7) is not necessarily a submodule of M(F,7). In case M{wi{T ,^)) is a 
submodule of M(F,7), we call the subword ?i;/(F,7) a substring of t(;(F,7). 

More generally, for any subset / C {1, 2, 3, . . . , d}, we can uniquely write 
/ as a disjoint union of intervals of maximal length / = /i U /2 U ■ ■ ■ U that 
is 

(1) // is an interval for each 1 < / < 

(2) max{i[i G //} + 2 <min{i|i S h+i} for each 1 < Z < t — 1, 

(3) /,n4 = 0if j/A:. 
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We call /i U /2 U • • • U /t the interval decomposition of /. For each subset 
/ C {1,2,3,... ,d} with its interval decomposition / = /i U /2 U • • • U If, 
consider the direct sum of string modules over J{Qr, Wr) 

t 

M/(r,7) = 0MK(r,7)). 
1=1 

Set 

5r(7) = {/ C {1,2,3,... ,d}\Mi{T,j) is a submodule of M{T,j)}. 

Therefore, if / = Ji U /2 U • • • U If € Srij) then WI^{T,^) is a substring of 
w{T,j) for each 1 < / < t. 

Example 4.1. We consider an annulus with three marked points on the 
boundary components and a triangulation T = {ti, r2, rs, T4, T5, rg} with 
internal arcs ti,T2,T3 as follows: 




The associated Jacobian algebra J{Qr, Wr) is cluster-tilted of type A2 where 
the quiver is as follows t2 




a 



with potential Wr = f3e6. 

For the curve 7, it is easy to see that d = X^rer ^('^^ 7) = 6 with n-^ = 
r2, = Ti^ = Ti^ = T3,Ti^ = Ti^ = Ti and w{T, 7) is given by: 

w{r, 7) : r2 A T3 A Ti rs 4 Ti ^ T3. 

Take / = {1, 3, 5}, then {1} U {3} U {5} is the interval decomposition of /, 
and M/(r,7) = S2 ® Si ® Si where Si is the simple module corresponding 
to Ti. Since ^2 is not a submodule of M(r,7), / ^ Sri'j)- 

Take / = {1,2,3,5} = {1,2,3}U{5}, then M7(r,7) = M{T,ae)®Si, 
then I G 'S'r(7) since both M(r,ae) and Si are submodules of M(r,7). 
Moreover, Srij) consists of the following elements 

0, {3,5}, {1,2,3}, {3,4,5}, {1,2,3,5}, {2,3,4,5,6}, 

{3}, {2,3}, {2,3,5}, {2,3,5,6}, {2,3,4,5}, {1,2,3,5,6}, 

{5}, {5,6}, {3,5,6}, {3,4,5,6}, {1,2,3,4,5}, {1,2,3,4,5,6}. 
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4.3. 7— oriented arcs. The definition of a 7— oriented arc in a complete 
(r, 7)— path is given in combinatorial terms. We give in this section a 
module-theoretic interpretation for this definition. The following two lem- 
mas play an important role for the interpretation. 

Lemma 4.2. Let a = a\a2 ■ ■ ■ a2d+i a complete {T,'y)—path in {S,M). 
Assume there is an arrow a2k = ^ 'Tik+i = «2fc+2 (or Ti^_-^ = 02/0-2 

= «2fc) in JiQr,Wr). If a2k is '^-oriented in a, then a2k+2 {or a2fe-2) 
is also J— oriented in a. 

Proof. We only prove the case when there is an arrow Tj^ — t- Tj^.^^ in J{Qr, Wr)- 
Assume a = aia2 ■ ■ ■ a2k-ink(^2k+ink+i<^2k+3 ■ ■ ■ C(2d+i, and consider the 
following segment Ti^a2k+iri^_^_^ of a, 




where Tj^. lies anticlockwise before Tj^.^^, and a, b, c, d are four marked points 
in M. 

Since Tj^. = a2k is 7— oriented in q, a2k has an orientation from a to d in 
a. The definition of complete (F, 7)— path implies 02^+2 = a2fc+i = Tik+i 
and Q induces an orientation for a2A;+2 = Tik+i which is the same as induced 
by Afc+i- Hence Tj^,^^ = a2A:+2 is 7— oriented in a. □ 

The above lemma allows us to define a map 

If : Cr(7) — > S'r(7) 

by sending each a £ Cr(7) to la ■= ^{a) = {k\ a2k is 7 — oriented}. Note 
that M7^(r,7) is a submodule of M(r,7) which implies la S 'S'r(7)- 

Lemma 4.3. For each I € Srij), there is a unique complete {T,j)—path 
aj = aia2 ■ ■ ■ Oi2d+i £ C'r(7) such that only the elements in {a2k\ k £ 1} 
are ^—oriented. 

Proof. Suppose I = /i U /2 U • • • U It is the interval decomposition of /. 
Without loss of generality, we assume for each 1 < / < t 

h = {ruri + 1, r; + 2, . . . , C {1, 2, 3, . . . , d} 

where 1 < ri < si < r2 < S2 < • • • < rt < st < d. Let = a\a^ ■ ■ ■ 02^+1 
be the complete (F, 7)— path in Proposition 13.31 such that none of its even 
arcs Ogfc is 7— oriented and al^ = a\a\ - ■ ■ 02^+1 be the one with all its even 
arcs 7— oriented. 

Consider the following expression 

ai = aool • • • Q2ri-2(Q2ri-lQ2riQ2ri+l ' " " qLi"2si+i) 
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qLi+2 ■ ■ ■ «2r2 -2 (Q2r2 -1 «2r2 '^2r2+l " " " Oi2s2_'^2s2+l) 

"2^2+2 • ■ ■ Q^2r3-2 
(a2rf-l Q2rt "2rt+l ' ' ' "Lf «2st + l ) «2st+2 ' ' ' "M+I- 

where the even positions are underlined. We are going to show that there 
is a unique choice of a2ri-i (or a2s;+i) for each 1 < I < t such that a/ is a 
complete (F, 7)— path. 



For each 1 < I < t, consider the following segment a2n-2'^2n-i"2n ck/, 

6 




Since 02^, is 7— oriented, it has the orientation from b to d. And a! 



is oriented from d towards a since a2r;-2 ~ ''"^rj-i 7— oriented in a/. 

Thus a2ri-i = Tji-i for 1 < / < t. 

Similarly, we get a2si+i = Tjs for 1 < / < t. Hence a/ is a complete 
(r, 7)— path such that only the elements in {a2fc| k £ 1} are not 7— oriented 
in aj. The uniqueness of a*^ and yields the uniqueness of a/. □ 

Define a map 

^ : 5r(7) ^ C7r(7) 

by sending each I £ >S'r(7) to = aj as defined in the above lemma. 

It is easy to check that ■0 o <p{I) = I by the definition and <p o tl'{a) = a 
by the uniqueness in Lemma 14.31 Hence ■0 and if are mutually inverse, and 
there is a bijection between Sri^j) and Cr(7). 

Example 4.4. Reconsider Example 13. 2| then 

= T1T2T2T3T5T5T7 , = TgT2T3T:iT3T5TQ. 

The string w{T, 7) is of the form: 

T'2 TS ^ Ts, 

then Sril) = {0, {1}, {3}, {1, 3}, {1, 2, 3}}. Hence, 

0^(0) = T9T2T3T3T3T5TQ, lp{{l,2,3}) = TIT2T2T3T5T5TT, 
1p{{l}) = T1T2T8T3T3T5T6, Tp{{3}) = T9T2T3T3T4T5TJ, ^'({1,3}) = TiT2T8T3UT5Tt . 
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4.4. Index of 7. Recall from |11] that the Laurent expansion of any clus- 
ter variable in the cluster algebra Ar with initial seed (i?r5Xr,yp) is 
homogeneous with respect to the grading given by 



deg(xi) = deg(x^J = e^^ = (0, ... ,0, 1,0, 



with 1 at i^^ position and 



deg(yi 



-Brer, = -Brei 



where we often write instead of e^-^ for convenience. The definition of B-p 
implies 



deg(yi 



^ deg(xfc) - ^ deg( 



deg 



n 



Xk 



n 



Tk- 



Xk 



)■ 



The g— vector associated to the cluster variable is just the degree 
of its Laurent expansion with respect to this grading. 

Let 7 be a curve in {S,M). If 7 = Tj S F, define the index of 7 with 
respect to T by Indr(7) = e.j; If 7 ^ F and 







M(F,7) 



is the minimal injective resolution of M(F,7) in modJ{Qi^,Wr), then the 
index Indr(7) of 7 with respect to F is defined to be the vector given by 



Indr(7) = 5^ei (|Hom(5i,Ii) 

i=l 



Hom(5i,Io) I) 



where Si is the simple module over J{Qr, Wr)- 



Proposition 4.5. Let 7 6e a curve in {S,M), G Cr(7) be the complete 
(T,^)—path such that none of its even arcs is ^—oriented, then 

(1) deg(x(aO)) = Indr(7), 

(2) E]^ is homogeneous. 

Proof. It suffices to consider 7 ^ F, we assume 7 intersects F in its fixed 
orientation at Tj^, . . . , Tj^, see the following picture where we write ik{oT: jk) 
instead of Tjj.(or Tj^,) for convenience. 



\ \ «s2-l\ 


Vs2+l\it2 






\ XT 











Thus the string i(;(F, 7) is of the form 



3d-l 
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'Hi 'H2 Hm-1 

/i ./\ /\. / 



(1) It is easy to see that topM(r, 7) = M/(r, 7) with / = {ti, • • • ,tm}C 
{1,2, ... andsocM(r,7) = Mj{T,^) with J = {si,S2, . . . ,Sm} C 
{1,2,... , d] where 1 = si < ti < S2 < t2 < ■ ■ ■ < Sm < tm. = d. 
Therefore, the minimal injective resolution of M(r, 7) is given by 

m »n— 1 

o^M(r,7) ^0/(i,j ^ 0/(i,je/(io)e/(i,+i), 

fc=l k=l 

where I{ik) is the indecomposable injective module corresponding 
to Tjj. and I{ik) = if Tj^, is a boundary arc. By definition 

m—l m 

Indr(7) = <^eg{xi^Xi^^^ ^^tft/H^^'-J- 

fc=i fc=i 

On the other hand, we consider the unique (F, 7)— path in 
Proposition 13.31 



tt-y — ai02 ■ ■ ■ (^2(1+1 ~ '^io'JjhJ'i2'[i2j'i3 ' ' ' ''"itj ''"iti ''"itj + i ''"it^ + i 



where the even positions are indicated by underlines. Then y{a^) 
1 by definition and 



12-^13. ■^Iti^lt-i'^Hi+l ^^^S2-'^•^''■S2 + '^ ■^^d-l'^^d'^^d+l 

nr* , rv* , rv* . a a a T* ■ ' • a a a '~f* • ^Y* • 'T" ■ a a a a a a ^~J* • '~f* • 

Jjl-^Jjl2-^l3 -i^lti-l-^lti^lti + l •''«S2-1 *S2 *S2 + 1 •^^d-l'^^d 

m—l m 

k=l k=l 

This completes the proof. 
(2) It suffices to prove that 

deg(x(a)y(a)) = deg(x(a°)) 

for each a G Cr (7) • We know from section 14.31 that each complete 
(r, 7)— path a can be obtained from by substituting pieces of 
segments (corresponding to substrings of w{T,'y)) in for these in 

By the definition of x(q), it is sufficient to consider the complete 
(r, 7)— path obtained from q;° by substituting only one segment. 
Without loss of generality, take I = {k, k + 1, . . . , ti, ti + 1, . . . ,1} € 
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Srij), where ti < A: < S2 < / < ^2- We consider the complete 
(r,7)-path 

a = = ggol • • • Q2fc-2 ('^jfc-i«2fc«2fc+i • • • 



Therefore 



deg{x{a)y{a)) - deg(x(a°)) 



S2 ^-1 I S2-1 l+l 

deg(xj,_j • jj n ■ ■ n ~ n n 

a=A;+l a=S2 a=fc a=fc— 1 a=S2+1 



■^ik-i-^tk-^H-^H + l 

where Xj^ = 1 if Tj^ is a boundary arc. By definition, we have 
deg(ri.J=deg(n-fii^.2:^^ fl 



a=fe a=fc •^Js2-l-^J«2 a=S2+l i-^^" 



degi 



Thus, deg{x{a)y{a)) = deg(x(aS?)) which completes the proof. 



□ 



From Proposition I4.5f 1). we can easily get the following corollary (Con- 
jecture 8.3 in |19j ) which gives a recipe for computing the g— vector for any 
cluster variable xJj^. 

Corollary 4.6. Let F be a triangulation of {S,M), and be the cluster 
variable associated to an internal arc 7 in the cluster algebra A, then 

fl£ = Indr(7)- 



Remark 4.7. The above corollary was also proved in Proposition 6.2 in |12j 
for even more general cases, that is, 2-Calabi-Yau categories. 
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4.5. The expansion formula. For each dimension vector e = (ei, 62, . . . , e 
let 

n n 

X- = '[[xf and y- = []yf. 

1=1 1=1 

Hence, 

y(«)= n 2/., = y^^^^'^(^'^) 

'^2k ■y— oriented 

by definition for each complete (F, 7)— path a. Define 

/ie(r,7) = ttU e St{j)\ dimM,(r,7) = e}. 

Then Schiffler's expansion formula can be interpreted in terms of represen- 
tations as follows. 

Theorem 4.8. Let T be a triangulation of {S,M), and ^ he a curve in 
{S,M), then 

= ^/ie(r,7) X^'^'^r(7)+Breye_ 
e 

Proof. Recall that for any two complete (F, 7)— paths a and /3, 

x{a)y{a) = x(/3)y(/3) if and only if y{a) = y{l3) 
since EJ^ is homogeneous by Proposition 14.51 Therefore 

= ^ ^/n(ir{7)+SrdimA/7„(r,7)ydimAf7^(r,7) 
/c«eS{7) 

= ^/ie(M(F,7)) X^"'^r(7)+Breye_ 
e 

As for the last equality, if a and /? are two complete (F, 7)— paths such that 

dimAf/^ (F, 7) = dhnM/^ (F, 7) = e, 

then both 1^ and belong to iJ,e(r,j)- D 

Corollary 4.9. Let F be a triangulation of {S,M), and be a cluster 
variable in the cluster algebra Ar corresponding to an internal arc 7 in 
iS,M), then 

= ^^e(M(F,7)) Xlndr(7)+i3reye, 
e 

Example 4.10. Reconsider Example 14. H it is easy to see 

0-12 
B = Br= \ 1 -1 
-2 1 



T 

n) ) 
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Hence deg(yi) = (0,-1,2)^, deg(y2) = (1,0,-1)^, deg(y3) = (-2,1,0)^. 
Take an internal arc 7 as follows 




then 

w(T, 7) = r2 ^ rs ^ Ti ^ T3. 

M(r,7) = Ii is the indecomposable injective module over J{Qr,Wr) cor- 
responding to the internal arc ri and the minimal injective resolution of 
M(r, 7) is given by 

0^M(r,7) ^/i ^0, 

hence Indr(7) = (~liO,0)"^ by definition. Therefore Theorem 14.81 implies 
that 

+M(i,o,2)(r,7)-^(''-^'-^)->^(^-°'^^ 
+^(,,i,2)(r,7)-x(^'-^'-^)->^(^-^'^) 

= — ^-^{x2xl + xlvi + 2xlx2yiy3 
+xiX2X3yiy2y3 + xfyiy^ + xlxsyiy2yl). 

5. Caldero-Chapoton map and Schiffler's expansion formula 

We show in this section that the Caldero-Chapoton map (or cluster char- 
acter) and Schiffler's expansion formula coincide. 
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5.1. Caldero-Chapoton map. Let C be a Hom-finite, Krull-Schmidt, 2- 
Calabi-Yau triangulated A;— category (where k is an algebraically closed 
field), and assume that C admits a cluster-tilting object T = Ti © ■ ■ ■ © r„ 
with n direct summands. Let A = End^^(r) be the endomorphism algebra 
of r in C. Recall that there is an equivalence of categories: 

Ext^(T, ?) : C/T — > mod A. 

Given a finite dimensional A— module M, and a dimension vector e G N", 
we denote by 

Gre{M) = {N C M submodule such that dim N = e} 

the variety of e— dimensional submodules of M. Note that Gre(M) is a 
projective variety (a subvariety of the classical Grassmannian of subspaces 
of M). We denote by x(Gre(M)) its Euler-Poincare characteristic. 

Remark 5.1. Let T = addT be the full subcategory of C whose objects are 
all direct factors of direct sums of T, then T is equivalent to the category of 
finitely generated projective (or injective) modules over A. 

We denote by K,q{T) the Grothendieck group of the additive category T. 

Lemma 5.2 ([13j). For each object M of C, there exists a triangle 

Ti ^ To ^ M ^ Ti[l] 

where Tq, Ti belong to T. Moreover, as an element in K,q{T), 

\m - [Ti] 

does not depend on the choice of this triangle. 

We define the index Indr(M) with respect to T of an object M in C as 
the element [Tq] — [Ti] of K,q[T). 

The Caldero-Chapoton map (or Cluster character in sense of with 
respect to T 

XT : IndC Q{xi,... ,Xn) 

is defined as 

Xl := J]x(Gre(Ext^(T,M))) 

e 

where Bt is the skew-symmetric matrix induced by the quiver of Endc (T) . 
Let Aj^ be the cluster algebra with initial seed (i3r,x, 1) where x = 

(xi , . . . , Xn) . 

Proposition 5.3 ([H]). The cluster character Xj on C induces a bijection 
between the set of reachable rigid indecomposable objects of C to the set of 
cluster variables in A'^. 
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5.2. Cluster category of a marked surface. Let {S, M) be a marked 
surface without punctures, recall that the cluster category C(^s,M) °^ 
surface is defined in [Hll]. In fact, a quiver with potential {Qti^t) whose 
Jacobian algebra is finite-dimensional is associated to each triangulation T of 
{S, M), and the cluster category C(^s,M) is just defined as the cluster category 
of the quiver with potential (Ql?, W^^) introduced by Amiot (we refer [1] 
for more details). Note that C(5 jvf) is a Hom-finite, Krull-Schmidt, 2-Calabi- 
Yau triangulated category and it does not depend on the triangulation of 
(5, M) up to triangle equivalence. 

It has been show in [4J that each triangulation T of {S, M) yields a cluster- 
tilting object Tr in C(5 and this yields an equivalence of categories by [15] 

Ext^^^^^j(rr,?) : C(5,Af)/Tr ^ modJ(Qr, T^r). 

Based on the above equivalence, a geometric characterization of the inde- 
composable objects in Cf^g^M) has been given in [3]. Note that in the special 
case where 5* is a disc, the characterization was given in [6]. 

Theorem 5.4 ([Ull]). A parametrization of the isoclasses of indecomposable 
objects in C(5^^) is given by "string objects" and "band objects", where 

(1) the string objects are indexed by the homotopy classes of non-contractible 
curves in (S, M) which are not homotopic to a boundary segment of 
iS,M). 

(2) the band objects are indexed by k* x 0^(5", M)/ ~, where k* = A;\{0} 
and Ili{S,M)/ ~ is given by the non-trivial elements of the funda- 
mental group of (5, M) subject to the equivalence relation generated 
by a ^ and cyclic permutation. 

Remark 5.5. Let ^ be a curve in {S, M), if we view j as a string object in 
C{s,M, then 

Hs.M)(^r,7) = M(r,7). 

Theorem 15.41 and Proposition 15.31 imply that the cluster character := 
xj^ induces a map from the curves in (5, M) to Q(a;i,... On the 

other hand, Schiffler-Thomas' formula E^{xi, . . . , Xn, 1, . . . ,1) (see Remark 
13. 5p also produces a map from the curves in (S, M) to Q(2;i, . . . , These 
two maps are expected to be the same. 

5.3. Caldero-Chapoton map and Schiffler-Thomas' formula. We show 
in the this subsection that the cluster character Xf of C(^s,M) °^ with re- 
spect Tr and Schiffler-Thomas' expansion formula coincide for curves 
in {S,M), that is, the "string objects" in C(^s,M)- The following lemma is 
important in this subsection. 

Lemma 5.6. Let j be a curve in (S, M). If there is a short exact sequence 
in modJ(Qr, W^r)-' 

M(r,7) ^ Qo ^ Qi ^ iV 
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with Qo, Qi injective and N indecomposable, then 

Indr(7) = [Qi] - [Qo] G /Co(addX) 
wherel is the category of finitely generated injective modules over J{Qr, W-p)- 
Proof. We take the minimal injective resolution of M(r, 7) : 

0^M(r,7) A/o ^/i. 
By definition, {Iq, f) is the injective envelope of M(r,7), hence 

Qo - -^0 © 

with I injective. Consider the following commutative diagram: 

►M(r,7) ► lo coker/' *0 

1 

-M(r,7) Qo " cdkexf -0 

Schanuel's Lemma implies that 

coker/' © Qo ^ coker/' /q © -f - coker/ Iq. 

Therefore coker/' / ~ coker/. By the definition of minimal injective res- 
olution, [Ii, i') is the injective envelope of coker/' ~ im^', see the following 
commutative diagram 

> coker/' — * Ii > cokeri' * 

h 

»■ coker/ — *■ Qi *■ cokerz 

where h : coker/' — > coker/ 2± coker/' / is an embedding. We claim that 
(Qi,i) is also the injective envelope of coker/ ~ coker/' © /. Otherwise, we 
can write Qi ~ /i / © /' with /' 7^ an injective module. It implies that 

cokery ~ cokerz ~ Q\/\m.i ~ (/i / /')/(imi' © /) ~ cokerz' /'. 

This contradicts the fact that is indecomposable since cdkeig which is 
isomorphic to a submodule of contains a non-zero injective summand. 
Therefore 

Qi ~ Ji / 

which implies that 

Indr(7) = [h] - [h] = [Qi] - [Qo]. 

□ 

Theorem 5.7. Let j be a curve in {S,M), then 
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Proof. It suffices to consider a curve 7 ^ F. By Lemma 15.21 there exists a 
triangle 

Tai > ^7 ^ [IJ 

where T = addTp, Ta^ and belong to addT. By applying Ext^(rr, ?) to 
the above triangle, there is a short exact sequence of J{Qr,Wr)— modules 

— ^M(r,7) — > Homc(Tr,TaJ2J) — > 

Homc(rr,r„j2]) ^"^^m^'^W) Hom^ (Tr, 7[2]). 

Since C is a 2-Calabi-Yau A;— category, the exact sequence becomes 

n ^ n^fr ^ ^^'c(Tr,h) Sxti (7r,/[i]) 

— ^M(r,7) — > DRomc{Tai,Tr) — > 

, Extl(Tr,g[l]) , , 
I)Homc(r,„,rr) r(M(r,7)) 

where i?Homc(ra^ , Tr) and L'Homc(Ta„ , Tr) are injective modules over J{Qr, 
Since t{M{T, 7)) is indecomposable or in modJ{QT, Wr), Lemma [5.6l and 
Remark 15.11 implies 

Indr(7) = IndTr(7) = [ra^] - [^aj G ICo{T). 

Moreover, Poettering in [18] gives a recipe to compute the Euler charac- 
teristic of a string modules which implies that 

Me(r,7) = x(Gre(M(r,7))). 
Therefore Theorem 14.81 shows 

E^ixi,... ,X„,1,... ,1) = j;^e(r,7) X^"'^r{7)+i?re 

e 

= ^x(Gre(Ext^(Tr,7))) • X^"'^-r W+^T.e ^ 

e 

Note that -Br = Bt^ which completes the proof. □ 
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